A triangular optical cavity is often used as a mode cleaning cavity in precision laser interferometry such as gravitational wave detectors. An alignment sensing and control system for maintaining the alignment of a mode cleaning cavity with respect to the incoming laser beam is critical for detector's performance. Therefore, understanding the behavior of the angular response is vital to both design and commissioning test of the alignment control system. We present a linear approximation approach which not only simplifies the computation but also provides a comprehensive picture of the angular response. The observable degrees of freedom in a triangular cavity is discussed based on the linear approximation.
INTRODUCTION
Optical cavities are widely used in precision measurement, such as gravitational wave detection [1] and optical lattice clock [2] . In gravitational wave detectors, one or more triangular cavities, called the input mode cleaners (IMCs), are employed. The IMCs provide three critical functionalities -spatial mode cleaning, polarization selection and frequency stabilization [3, 4] .
The IMC is often an isosceles triangular cavity with the length of one side much shorter than the other two due to spatial constraint given by the vacuum envelope while maintaining tens of meters or more in the optical round trip length. It is often the case that the triangular cavity is usually preferred because it does not require an additional optical isolator to extract the field in reflection such that its phase information is used to keep the cavity resonant. The apex mirror is a curved mirror while the other two are flat mirrors as shown in Fig. 1 .
Each mirror in the IMC is suspended to reduce seismic motions which, in turn, lead to angular drifts. Angular drifts directly introduce misalignment in the cavity axis. Such a misalignment can deteriorate detector sensitivity and stability by increasing a few noise couplings including those to length fluctuation and beam jitter. Moreover, angular misalignment causes light in the fundamental mode to be coupled into higherorder spatial modes, reducing the amount of power injected to the main part of gravitational wave detector. This directly decreases the detector sensitivity. Therefore, it is crucial to maintain the alignment of the IMC to achieve the detector operation with the best performance. In order to reduce angular misalignment, an alignment sensing and control (ASC) system is adopted by using the wave front sensing (WFS) technique [5, 6] .
The WFS technique is sensitive to small tilts of the mirrors, and the WFS signals are obtained by demodulating signals detected by quadrant photodiodes (QPDs) [7] . Since the signals derived by the WFSs have a Gouy phase dependence, one has to precisely estimate its behavior and choose the QPD positions carefully in order to discriminate which mirror causes misalignments in either pitch or yaw. Previous report shows the analytical calculation of the WFS signals [7, 8] . These approaches, however, contain complexities due to the fact that the non-diagonal matrix elements are fully incorporated in the calculation. Therefore, the WFS signals of the IMC have been traditionally computed by simulation tools such as Finesse [9] or Optickle [10] , and it was not easy to acquire intuitive interpretations.
In this article, we present a linear approximation method which enables us to relatively easily compute angular response of optical cavities. We then show the angular responses of a triangular cavity such as the shift in beam spots and the WFS signals by employing the linear approximation method. Finally, we will derive the sensing degrees of freedom (DoFs) using the singular value decomposition. Our study provides fundamental understanding with triangular optical cavities which is vital in the design and experimental phases.
A LINEAR APPROXIMATION METHOD
The x and y axes of the coordinate system are chosen to be transverse to the beam propagation (z axis) which is perfectly aligned. We additionally assume that the y axis always points upwards regardless of the propagation direction. This automatically means that the x axis needs to be mirrored every time the light is reflected by a mirror. One can expand any paraxially approximated electromagnetic fields of light beams by a set of Hermit-Gaussian (HG) modes as [11] E(x, y, z) = ∑ lm lm|E U lm (x, y, z),
The coefficients lm|E can be represented as the elements of the vector in the modal space. For small misalignment due to the mirror tilts, the only important modes are fundamental TEM00 mode and the second lowest-order transverse modes, TEM10 and TEM01 [7] . Angular motions of a mirror in pitch correspond to rotations of the mirror about x axis and excites a small amount of the TEM01 mode. Similarly, yaw is a rotation about the r axis, exciting a TEM10 mode. For simplicity, we assume that an angular misalignment exists only in pitch and leave TEM01 mode only into the consideration in the rest of this section. We now consider a simple setup as shown in Fig. 2 and shows how the linear approximation can be placed. Although a simple example is used, the argument here holds for any optical cavities as long as angular misalignment are sufficiently small. We define a collection of the field vectors containing the two sets of the fields i.e., one set from node 1 and the other from node 2.
These fields are related to each other and can be expressed in a matrix form [12] ,
where Φ i (i = 1, 2, 3) is a one-way trip phase shift and r i are reflectivities of each mirror. The incoming beam is assumed to be perfectly aligned to the cavity. In other words, only a TEM00 mode is pumped into the system.
To reduce clutter, we introduce a matrix and vectors aŝ
Then, one can rewrite Eq. (4) aŝ
Similarly, the TEM01 mode fields satisfy the following relation,
where
η i (i = 1, 2, 3) represents a Gouy phase shift. Small angular misalignments are introduced in pitch which transfers a fraction of the TEM00 modes to TEM01 and vice versa [7] . We will express these perturbations using normalized rotation angles, Θ i , (i = 1, 2). These angles are normalized by divergence angle of the beam, λ/πw(z), and expressed as
where the θ i is a small rotation of each mirror, λ is the wavelength of light and w(z) is a beam size at a position of z [7] . By using this normalized angle, the angular misalignment matrix is defined aŝ
where Φ ′ i represents the one-way trip phase shift for TEM00 or TEM01 modes. Then one can express the fields with pitch angular misalignments aŝ
Since the incoming beam is pure TEM00 mode, TEM01 mode only exists when there is an angular misalignment. The fields of TEM01 mode can be written as where I is the identity matrix Here we substituted E 00 given by Eq. (13) . Since the angular misalignment angle is so small that one can ignore higher order term O(Θ 2 ). In fact, this is the essence of our linear approximation. With this linear approximation, TEM01 fields excited by angular misalignments can be expressed as
One can express TEM10 fields introduced by angular misalignments in the same manner. Our method, in comparison to the previous study [7] , obviously simplifies the resulting solutions at a cost of losing the accuracy in particular when the amount of misalignment is large. However, in practical experiments, the angular drifts are suppressed by active controls and therefore the amount of misalignment is typically small enough that our approximation is valid.
Besides, another advantage of the linearization is that the entire analysis can be expressed by a block diagram as shown in Fig. 3 similarly to those used in the classical feedback control theory [13] . Such block diagrams can help ones to acquire comprehensive physical pictures.
ANGULAR RESPONSE OF A TRIANGULAR CAVITY
We now consider the case in which a triangular cavity is in the form of isosceles triangle with the length of one side much shorter than the other two as shown in Fig. 1 . The incoming laser beam is assumed to be injected to the shorter side. Fig.  3 shows a block diagram for the system with the mirrors misaligned by some small amounts.
The free-space propagator can be defined aŝ
where its subscript, L and l, correspond to the length of propagation. The matricest andr denote the transmission and reflection matrix of the mirror as,
where the subscripts, i = 1, 2, 3, express each mirror of the IMC. It should be noted that the sign of reflectivity for TEM10 is negative due to the mirroring effect which flips the coordinates leftto-right in the horizontal plane. Combining these matrices, the cavity round-trip propagator,P rt , can be expressed aŝ
where r ≡ r 1 r 2 r 3 is a total reflectivity of the system which is merely a multiplication of the amplitude reflectivity from all the mirrors and η rt represents a round-trip Gouy phase. Using the round-trip propagator, one can express the fields inside the cavity as
In practical experiments, the phase modulated laser beam which can be split into the carrier and the sidebands is widely used in order to lock the laser to the cavities as shown in Fig.  1 . Assuming that the cavity is kept resonant for the carrier i.e., e −iΦ rt = 1, then one can define the cavity gain for the carrier in the form of each HG modes as
It should be noted that the sign of cavity gain is flipped between TEM01 and TEM10 modes due to the mirroring effect for horizontal axis.
On the other hand, the cavity gain for the sidebands which are kept off-resonant can be written as
Here we assumed that the reflectivity for both upper and lower sidebands are identical. When the reflectivities of mirrors are high i.e., r i ≈ 1, the cavity gain for the sidebands are much smaller than that of the carrier. Therefore, ignoring the effect of the sidebands inside the cavity, we will consider only the carrier field for the intra-cavity fields. Then Eq. (21) can be rewritten as
Thus each HG mode excited by angular misalignment is built up inside the cavity as characterized by each cavity gain.
A. Beam Spot Response
The response to the beam spot positions is one of the most important properties to understand the behavior of a triangular cavity. The lateral shift of the beam on each mirror can be derived by evaluating the real part of the coefficients for the 01 and 10 modes. For the purpose, let us expand a field into real and imaginary parts as,
where C is a complex number which can be expressed using a small beam translation a and a small tilt α [14] , where w 0 is the beam size at its waist and k is the wavenumber. Eq. (28) tells the real part of C denotes the beam translation and the imaginary part denotes the beam tilt. Therefore, the beam spot translation can be derived from the real part of normalized coefficient, C, of TEM01/10. The notations of angular tilts and axes on the mirrors are as shown in Fig. 4 .
Evalating the real part of the field on each mirror and approximating all the mirrors to be a perfect reflector i.e., r i = 1 (i = 1, 2, 3), one can find the following relation between the mirror tilts and resulting variation in the beam spot as
where g is the g-factor, defined as
and y i (i = 1, 2, 3) describe vertical displacements of the beam along the y-axis. A detailed calculation for obtaining Eq. (29) is presented in Appendix A.
Since MCs 1 and 3 have an incident angle of approximately π/4, the y 1 axis and the y 3 axis are rotated π/4 around the z axis with respect to the y axis [9] . Therefore, an effective misalignment angle in pitch is reduced by cos(π/4) = 1/ √ 2, so that
The axis y is same as the axis on the mirror v. Hence the beam spot displacement on the mirror can be written as
Eq. (32) shows us how the eigenmode of triangular cavity transforms as a function of the tilt of each mirror. Mirror positions may not always be preferable DoFs. They can be converted into the ones representing the translation and tilt of the beam at the waist, and the spot position on MC2 as
In addition, we convert the actuation basis into MCs 1 and 3 common and differential motions expressed as
By using these bases, the beam spot response to pitch angular misalignment can be summarized as
Eq. (35) shows that misalignment in MC2 cannot access to the tilt at the waist position, and only shift the plane of cavity eigenmode. Common angular tilt rotates cavity eignemode around the center of curvature as shown in figure 19 . in [15] . Differential tilt does not change the spot on the curved mirror and the waist, though the tilt at waist is rotated.
In the same way, yaw misalignment can be computed as
where xi is defined as ξ ≡ L + l(1 − L/R)/g. When the displacements perpendicular to the beam, x 1 and x 3 , are projected on each mirror, MCs 1 and 3, the displacements on the mirror surface are enhanced by 1/ cos(π/4) = √ 2. Therefore, Eq. (36) can be written as
The bases can be converted in the manner same as that for pitch by using the relationship expressed as
It should be noted that the effect of √ 2 enhancement due to the projection on MCs 1 and 3 is cancelled. Then the beam spot response to yaw misalignments can be expressed as
Eq. (40) shows that only misalignment in MCs 1 and 3 differential motion can access to the beam waist shift. The beam waist tilt and MC2 spot position change can be expressed by a combination of MCs 1 and 3 differential motion and MC2 motion. These results are fully consistent with the previous analysis based on the geometrical argument [15] . Therefore, this linear approximation offers an alternative method to compute variations in the spot positions without elaborating the geometrical analysis.
B. Wave Front Sensing Signals of the IMC
The WFS technique is sensitive to small tilts of the mirrors. The signals are obtained by demodulating the intensity information detected by quadrant photodiodes (QPDs) [7] in similar manner to the Pound-Drever-Hall (PDH) technique [16] . When one of the mirrors is misaligned, it excites the second lowest-order transverse modes, namely the TEM10 or TEM01 in the carrier. The WFS signals are essentially the interference between the TEM00 of the sidebands and the TEM01 or TEM10 modes of the carrier.
We assume that the incoming light is a purely phase modulated TEM00 mode described as
(41)
Phase modulated input laser beam, which is used in PDH scheme, can be expressed as
where Ω corresponds to the angular frequency of the carrier field, ω m is the modulation angular frequency, m is the modulation depth and J k (m) is Bessel functions of the first kind. By measuring the differential of reflected field using a horizontally and vertically split photodiodes, QPD, for pitch and yaw, one can obtain the intensity information, S QPD , which can be expressed as
The fields at reflection port of each mode can be calculated by multiplying propagators. The WFS signals are obtained by demodulating the signals, S QPD , with the modulation angular frequency, ω m . After some math, one can derive the WFS signals described as WFS = iP 0 J 0 (m)J 1 (m) U * 00 (G 00 G 10,01 e iη ΘU 10,01 ) (44) − U 00 (G 00 G 10,01 e iη ΘU 10,01 ) * , (45)
where P 0 denotes the optical power of the input laser beam and η is a spcific Gouy phase which depends on the misaligned mirror. When we apply parameters of KAGRA IMC, the WFS signals can be calculated as shown in Fig. 5 .
On the other hand, aLIGO adopted a different geometry in which the laser beam is injected into the longer side of the IMC. Fig. 6 shows the WFS signals of aLIGO geometry IMC. Since MCs 1 and 3 WFS signals are highly degenerate, it is hard to distinguish between them. 
IMPLICATION TO EXPERIMENT
The IMC has three DoFs for angular misalignments in both pitch and yaw. On the other hand, the number of observable DoFs by the WFS technique is only two since the WFSs sense the difference between the two beams -the incoming and intracavity beams. In this section, the observable degrees of freedom (DoFs) of the IMC are discussed for the case where the incoming beam is injected to the shorter side of the IMC such as KAGRA [1] . For the other case where the incoming beam is injected to longer side of the IMC such as aLIGO [3] , the results are shown in Appendix B for completeness. The singular value decomposition (SVD) is one of the useful tools in order to understand what DoFs can or cannot be sensed. The SVD is widely used for data analysis [17] . The WFS signals contain beam tilt and translation components and are expressed as bellow by using a sensing matrixŜ,
whereŜ is a 2 × 3 matrix and its elements can be written by us- ing the cavity gain and Gouy phase shift. This sensing matrix can be expressed by geometrical parameters with high reflective approximation (r i ≈ 1) and incoming beam is pure TEM00 mode. Then we will apply SVD to rewrite them to determine which DoFs are observable by the WFS technique.
In the case of the geometry used in KAGRA [1], one can obtain the relationship between the WFS signals and mirror tilt angles in pitch as
where γ ≡ (L + l)/z R , and w 0 is beam size at its waist. Adopting the SVD analysis, one can arrive at
It is clear that one the DoF shown in the lowest row in the rightmost matrix. On the other hand, the first and second rows are observable. They correspond to MCs 1 and 3 differential motion and the combination of MCs 1 and 3 common and MC2 motion, respectively. Comparing to Eq. (35), one can identify that the observable DoFs correspond to the beam waist tilt and translation.
For the case of yaw, the sensing matrix can be written as
The decomposed form can be expressed aŝ
The observable DoFs are the combination of MCs 1 and 3 common and MC2 motion and MCs 1 and 3 differential motion.
Similarly to the pitch case, these observable DoFs correspond to the beam waist tilt and translation. Therefore, when the beam is injected to the shorter side of the IMC, the beam waist tilt and translation are observable.
CONCLUSION
We have presented the linear approximation method that can simplify the analytical calculation of angular response of optical cavities. The method enables us not only to simplify the calculation but also to make equivalent block diagrams which can bring comprehensive pictures. The method was applied to a triangular cavity called the input mode cleaning cavity. The angular response to the shift in the beam spots and the WFS signals of the IMC in gravitational wave detectors were explicitly given by this approach. The results are consistent with the previous report which conducted a completely different approach -geometrical analysis.
Finally, the WFS sensing matrices are analyzed via the singular value decomposision scheme in order to study the observable DoFs of the IMC. When the incoming beam is injected to the shorter side of the IMC, the observable DoFs by the WFS scheme are determined to be the beam waist tilt and translation.
The linear approximation method presented in this article can be applied to optical systems which are more involved, including the main interferometer of gravitational wave detectors. The linear approximation method should be able to give deeper insight into the fundamental comprehension of the gravitational wave interferometers.
A. CALCULATION OF BEAM SPOT MOTION
In this section, we will show one example of angular response calculation -MC3 pitch misalignment. TEM01 field at each node which is excited by MC3 pitch misalignment can be computed by multiplying propagators. The cavity gain for TEM01 can be written as
Here we introduce high reflective approximation i.e., assuming r ≈ 1. In order to calculate the normalized coefficient, C, propagators must be taken into account. Then the normalized coefficient, C, at each node 1 to 3 can be written as
where the subscripts of Gouy phase shift such as MC3 → MC1 denote the propagation of the beam. Since the beam waist locates on halfway between MCs 1 and 3 and the length of shorter side, 2l, is much smaller than that of longer side,L, Gouy phase shift can be computed as
where z R represents the Rayleigh length expressed as
Due to the apex mirror with radius of curvature, the Gouy phase shift from MC3 to MC1 becomes η MC3→MC1 = 2 × η MC3→MC2 . By using the relationships between the beam size at waist and Rayleigh length expressed as
and the trigonometric functions and inverse trigonometric functions described as
we can calculate the real part of each normalized coefficient as
One can compute other beam spot response as the same manner. Hence, the beam shift on each mirror surface due to MC3 pitch misalignment can be described as Eqs. (29) and (36).
B. OBSERVABLE DOFS OF ALIGO IMC
We will consider the observable DoFs of the IMC when the beam is injected to the longer side of the IMC such as aLIGO [3] . In this case, the WFS signals in pitch can be expressed as This sensing matrix can be decomposed by SVD as the same manner as short-side-injection case. The decomposed sensing matrix of pitch can be written aŝ
where σ 1,2 are singular values of sensing matrix. Here we used a and b since these elements are In the case of aLIGO IMC, the SVD form sensing matrix is more complicated than the case of KAGRA-like configuration and the observable DoFs are difficult to interpret. On the other hand, one can discriminate the DoF we cannot sense corresponds to the beam waist tilt. In order to know the observable DoFs, the unitary rotation matrix is adopted, R(θ), which satisfy following relation
By introducing this rotation matrix to Eq. (63), the decomposed sensing matrix can be expressed aŝ
One can see that we can sense the beam waist translation and MC2 spot position by the WFS. As the same manner as pitch case, for the case of yaw, we can obtain the SVD form sensing matrix with rotation matrix aŝ
Similarly to the case of pitch, we can define the unitary rotation matrix such that
Therefore, the sensing matrix for yaw can be decomposed aŝ Thus, the observable DoFs are consisted by beam waist translation and MC2 beam spot motion. Since the IMC has much smaller short side than longer side, the observable composed by beam waist translation and MC2 beam spot can be approximately regarded as the motion of longer side axis of the IMC. Therefore, one possible interpretation of observable of aLIGO IMC is the shift of longer side axis.
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